We established a theoretical framework in terms of the curl flux, population landscape and coherence for non-equilibrium quantum systems at steady state, through exploring the energy and charge transport in molecular processes. The curl quantum flux plays the key role in determining transport properties and the system reaches equilibrium when flux vanishes. The novel curl quantum flux reflects the degree of nonequilibriumness and the time-irreversibility. We found an analytical expression for the quantum flux and its relationship to the environmental pumping (non-equilibriumness quantified by the voltage away from the equilibrium) and the quantum tunnelling. Furthermore, we investigated another quantum signature, the coherence, quantitatively measured by the non-zero off diagonal element of the density matrix. Populations of states give the probabilities of individual states and therefore quantify the population landscape. Both curl flux and coherence depend on steady state population landscape. Besides the environment-assistance which can give dramatic enhancement of coherence and quantum flux with high voltage at a fixed tunnelling strength, the quantum flux is promoted by the coherence in the regime of small tunnelling while reduced by the coherence in the regime of large tunneling, due to the non-monotonic relationship between the coherence and tunneling. This is in contrast to the previously found linear relationship. For the systems coupled to bosonic (photonic and phononic) reservoirs the flux is significantly promoted at large voltage while for fermionic (electronic) reservoirs the flux reaches a saturation after a significant enhancement at large voltage due to the Pauli exclusion principle. In view of the system as a quantum heat engine, we studied the nonequilibrium thermodynamics and established the analytical connections of curl quantum flux to the transport quantities such as energy (charge) transfer efficiency (ETE or CTE), chemical reaction efficiency (CRE), energy dissipation, heat and electric currents observed in the experiments. We observed a perfect transfer efficiency in chemical reactions at high voltage (chemical potential difference). Our theoretical predicted behavior of the electric current with respect to the voltage is in good agreements with the recent experiments on electron transfer in single molecules.
I. INTRODUCTION
Quantum transport is a non-equilibrium phenomena and important in the study of physics, chemistry and biology [1] [2] [3] [4] [5] [6] . Recently energy and electron transports in nanoclusters, quantum dots, single molecules, light harvesting complex and photosynthetic reaction center have been explored in experiments [7] [8] [9] [10] [11] [12] . However, uncovering the underlying mechanisms and global principles of quantum dynamics is still of a challenge, often due to the poor understanding of non-equilibrium nature of the problems and its interplay with the quantum coherence.
So far various theoretical approaches have been used in the study of quantum transport, such as momentum balance equation in the mesoscopic systems 17 , the fluctuation-dissipation Kubo formula 18, 19 and nonequilibrium Green's function method [20] [21] [22] . In the apa) Electronic mail: jin.wang.1@stonybrook.edu proach of Kubo formula, the environment is not explicit and the whole system is in intrinsic equilibrium at long times. Therefore, the current as well as response functions have been calculated as a linear response to an applied external field 18, 23 . The non-equilibrium Green's function approach is essentially perturbative with no explicit reservoir, based on the individual equilibrium states of each subsystem at the beginning and then by including the corrections from leads order by order, with respect to coupling between system and leads 24, 25 . These indicate that these two approaches in principle cannot be effectively applied to the general non-equilibrium steady state, which plays significant role in the quantum transport.
The quantum master equation (QME) is an alternative tool for studying the irreversible dynamics of quantum systems coupled to environments [26] [27] [28] , instead of the perturbative corrections with respect to the equilibrium state. Even at the classical level, the classical master equation (CME) and Fokker-Plank diffusion equation approaches had been already successfully applied to en-ergy transport induced by adenosine triphosphate (ATP) hydrolysis in biochemical systems 30, 31 . In particular, a potential and flux landscape theory for non-equilibrium system were developed for studying the global stability and function of the non-equilibrium systems 32, 33 . The non-equilibrium systems can be globally quantified by the steady state probability landscape (or population landscape). The curl flux is a quantitative measure of the detailed balance breaking, representing the degree of the non-equilibriumness away from the equilibrium. The relationship between the non-equilibrium landscape and flux to energy pump as well as phase coherence was also studied in detail 30 . For quantum systems, the coherence, as a quantum signature, contributes to the transport 49, 50 and the degree of the nonequilibriumness in addition to the populations 48 . This has been confirmed for quantum coherent excitation (charge) transport in light harvesting of photosynthetic reaction center 51, 55 . The quantum transport in terms of many-body description for nanoscale systems and single molecules was also studied 15, 34 . The unidirectional electron flow in the non-equilibrium ultrafast electron transfer 52 was observed in recent experiments of photoreduction dynamics of oxidized photolyase 53 .
In this paper, we will establish a theoretical framework in terms of curl flux, population landscape and coherence at steady state for the first time for the non-equilibrium quantum dynamical systems and associated thermodynamics, by exploring the energy transport between different sites in single molecules 45, 46 and chemical reaction process (also charge transfer in molecules) 40, 44, 47, 54, 56 . The former is coupled to the two heat environments (bosonic) with different temperatures while the latter is coupled to the two chemical environments (fermionic such as electronic baths) with different chemical potentials. The non-equilibriumness of the system can be quantified by a voltage like variable as the difference in temperatures or chemical potentials of the two underlying environments or baths (T 1 − T 2 or µ 1 − µ 2 ) away from the equilibrium condition T 1 = T 2 or µ 1 = µ 2 . By starting from the original Hamiltonian coupled with two reservoirs, we derived the QME and from which uncovered the curl flux for non-equilibrium quantum systems at steady state. We found that the curl flux controls the detailed balance breaking and time-irreversibility, providing a measure on the degree of non-equilibriumness and it also plays a key role in determining quantum transport. Both non-equilibriumness and quantum tunneling determine the quantum flux. We found analytical expressions for the quantum flux and its relationship to the environmental pumping and quantum tunneling. Furthermore, we investigated another quantum signature, the coherence and found the non-monotonic relationship between the steady-state quantum coherence and the tunneling at fixed voltage. Consequently it shows the nontrivial contribution (nonlinear and non-monotonic) of the coherence to the curl flux and quantum transport, in contrast to the previous linear relationship 39 . Populations of states give the probabilities of individual states and therefore quantify the population landscape. Both curl flux and coherence depend on the steady state population landscape.
On the other hand, we uncover the environmental effect, governed by voltage, on curl flux and quantum transport. We found that the environment-assistance can give dramatic enhancement of coherence and quantum flux at high voltage. In view of the system as a quantum heat engine, we studied the non-equilibrium thermodynamics as well as the transport properties such as energy (charge) transfer efficiency (ETE or CTE), chemical reaction efficiency (CRE), energy dissipation and currents observed in the experiments. We established the analytical connection of those dynamical quantities to the non-equilibrium curl quantum flux. The perfect transfer efficiency in chemical reactions was observed at high voltage (chemical potential difference). We have investigated the heat and chemical (electric) currents. Our theoretical predicted behavior of electric current with respect to voltage is in good agreements with the recent experiments on electron transfer in single molecules 40 . In the last section on dynamical decay of coherence, we observed that the decay in time is often faster when the voltage or chemical potential difference measuring the non-equilibriumness away from equilibrium increases.
II. GENERAL THEORETICAL FRAMEWORK FOR NON-EQUILIBRIUM QUANTUM DYNAMICS IN TERMS OF FLUX, COHERENCE AND POPULATION LANDSCAPE
In this section we will establish a general framework and formal description on the quantum non-equilibrium steady state, the curl flux for quantifying the degree of non-equilibriumness as well as the quantum transport. From next section more details of such theoretical framework will be illustrated by investigating of the energy (charge) transport and thermodynamics of molecular systems. The general Hamiltonian of a quantum system interacting with M environments is of the form
where n, m indicates that only the pairs of states n, m with energies E n < E m are considered. The first term of H 0 represents the Hamiltonian of the system and the second term of H 0 represents the Hamiltonian of the environments, while the term H int represents the couplings or interactions between the system and environments. Under the assumption that the environments are of much larger size than the system, we can study the dynamics of the system by tracing out the environments (or reservoirs), which leads to the master equation of the reduced density matrix:
where the density matrix can be expanded in terms of the coupling strength between system and environments:
In the regime of weak coupling, the master equation above can be truncated to the second order and it can be written in Liouville space in which the density matrix forms a column or vector |ρ S =M|ρ S . For convenience, we will write the matrix M as block form, by separating the population (diagonal elements) and coherence terms (off-diagonal elements) of density matrix
Here, M p represents the transition matrix in population space. M c represents the transition matrix in coherence space (non-off diagonal elements of density matrix). M pc and M cp represent the coupling transition matrix between population and coherence space.
To study the dynamics of populations we apply the Laplace transform to the coherence components and then
the inverse Laplace transform to which gives
By substituting Eq.(5) into the dynamical equation for population part in Eq.(3) we obtain the reduced QME in population space
which indicates that the quantum dynamics leads to a memory effect, that is independent of the random collision. Thus the dynamical equations of quantum systems in population space follow integral-differential equations. This significantly increases the complexity for solving them, even on the numerical level. For the quantum steady state at long times, however, a simple form of these equations can be derived, by exactly evaluating the integrals in time domain
which leads to the reduced QME at steady state
Notice that the condition of negativity of the eigenvalues of matrix M c is essential, in order to ensure the convergence of the limit in Eq.(7). Therefore we can define the transfer matrix as
The transfer matrix can be decomposed into the symmetric and anti symmetric part. T mn = 32, 57, 58 in both discrete and continuous case. The detailed balance part of the driving force is largely dependent on the diagonal element of the density matrix: the steady state population. Populations of states give the probabilities of individual states and therefore quantify the population landscape. Both curl flux and coherence depend on steady state population landscape. We can investigate further the properties of the non-zero flux which breaks the detailed balance. The quantum flux has curl nature and can be decomposed further into a sum of fluxes of various loops.
By introducing α A (1); condition (3) is equivalent to the stationary distribution of population at steady state and the conservation of total population as well. The above flux-decomposition theorem was mathematically proven 57 at the classical level. Here since we reduce the quantum master equation in the Markov chain form at steady state, we can apply the decomposition to investigate the non-equilibrium properties of quantum flux and also quantum transport at steady state, which will be shown in details in subsequent sections. We should notice that although the Markov chain looks similar as the classical case, the coefficients or the rates A nn,mm and populations ρ m (diagonal element of the density matrix) are significantly influenced by the quantum coherence (off-diagonal elements of the density matrix) through the dimensional reduction (integrating out the coherence term and obtain the master equation for reduced density matrix in population space). In summary, for non-equilibrium quantum steady state, we can decompose the rate dynamics into the detailed balance preserving part (mainly determined by the population landscape), and detailed balance breaking flux part, which can be further decomposed into the sums of the fluxes of the loops. Both parts depend on quantum coherence. We will focus our attention of this study on the curl flux and quantum coherence. We will discuss further in details on the non-equilibrium quantum landscape in the forthcoming studies.
III. HAMILTONIAN AND QUANTUM MASTER EQUATION
We will illustrate our ideas in the examples of the quantum energy and charge transfer processes.
A. Coupled to heat (bosonic) reservoirs
Energy transfer in molecules happens between donor and acceptor sites, after being excited from ground state. To be simple, we assume the excitation energies of these two sites are of a small difference, namely, ε 2 − ε 1 ≪ min(ε 1 , ε 2 ). In the language of excitons, this system can be modelled as asymmetric double wells, as shown schematically in Fig.1 . Since we would discuss the transport between different sites in molecules, it is clearer to describe the system in local representation. The subspace relevant to our discussion is spanned by the following two types of excitation in addition to the ground state.
where |0 stands for the vacuum, C i and C † j are the annihilation and creation operators for electrons in molecules. The transport in molecules can be modelled by the system interacting with two identical reservoirs with different temperatures. The free and interaction Hamiltonian then read
(12) where η and η † are the annihilation and creation operators for excitons which obey the Fermi-Dirac statistics: 
. ∆ represents the electronic coupling (tunnelling strength) between the two sites. Here we do not include the vibrational degree of freedoms of the nuclei, due to their fast relaxation within the time scale of 10 −12 s, which is much shorter than the time scale of electronic excitation. However, the electric dephasing occurs on a comparable timescale to vibrational relaxation in the light-harvesting and Fenna-Matthews-Olson complexes, therefore we will include this effect in our future work, since this effect goes beyond the scope of current paper. p and s denote the polarizations of the boson (either radiation or phonon) field. In Eq.(12) the rotating-wave approximation 35 was applied to excitonphoton interaction term due to the dominant contribution by real absorption and emission. Only the singleexciton process is important to energy transport and then in the single-exciton manifold the Hamiltonians (11) and (12) are taken the forms of H S = E g |Ω Ω| + ε 1 |1 1| + ε 2 |2 2| + ∆ (|1 2| + |2 1|) and
where the creation and annihilation of excitons were replaced by transition, namely,
, in the single-exciton manifold. The quantum mechanical tunnelling between different sites delocalizes the wave function over the diameter of molecule, which provides an intuitive understanding at first step of effects of quantum coherence on transport. Using Bogoliubov transformation 36 the system Hamiltonian in Eq. (11) is diagonalized by switching into delocalized representation. Therefore it is convenient for us to do the further derivation for the quantum master equation with the help of the interaction picture 26, 29 (This is because only the interaction term will appear in the total Hamiltonian and the calculation can then be simplified).
Since we are interested in the evolution of the variables associated with the system only, the equation for the reduced density matrix in the subspace need to be obtained, by performing a partial trace over the reservoir freedoms. As the coupling strength in Quantum Electrodynamics is of the order of fine structure constant, the whole solution of density operator can be written as
with the traceless term in a higher order of coupling, and the system is assumed to be memoryless, which is so-called the Markovian approximation. This is valid when the correlation time scale of reservoirs is much shorter than the time scale for the dynamics of the system. In other words, the reservoirs have the white noise feature, which is applicable for the system maintaining in thermal equilibrium. Therefore the master equation for reduced density matrix reads
On inserting the energy in the interaction picture into the equation of motion Eq. (14), then tracing out the environments, the QME in our model is arrived, in the localized representationρ
where the form of super operator D will be given in detail in appendix A. n ω = exp
is the Bose average occupation on frequency ω at temperature T . The Weisskopf-Wigner approximation that the upper limit of integral over time can be extended to infinity due to the rapid oscillation of the integrand for s ≪ t was used in deriving Eq. (15) . Hence the decay rates induced by photon reservoirs are
where r m ∼ 30nm is the separation between the complex molecules, such as mesobiliverdin (MBV) & dihydrobiliverdin (DBV) molecules in light harvesting complex 59 , the spectral density
8π 3 c 3 and λ is the reorganization energy. After some mathematical procedures, we can derive the compact form of QME in Liouville space: ∂ t |ρ = M|ρ , by writing the density matrix as a super-vector: |ρ = (ρ gg , ρ 11 , ρ 22 , ρ 12 , ρ 21 )
T where M Moreover, the coherence terms quantified by the non-zero off diagonal elements of the density matrix ρ g1 and ρ g2 as well as their complex conjugates are absent from QME in that they are only entangled to themselves in the equations of dynamical evolution. Therefore only the coherence between excitations (ρ 12 and ρ 21 ) contributes to our conclusions and the discussion can be restricted into the 5-dimensional space.
B. Coupled to chemical (fermionic) reservoirs
To describe the transport of chemical recombination dissociation reaction AB ↔ C with the vibrationally excited intermediate AB * , we model the quantum system interacting with two chemical reservoirs or leads with different chemical potentials which provide the effective chemical pumping for the system by collisions 44 . The three quantum states are denoted by |AB , |AB * and |C as schematically shown in Fig.1 . The Hamiltonian is of the similar form as the one with bosonic reservoirs:
where the operators for chemical reservoirs obey the Fermi-Dirac statistics:
∆ describes the conversion between states |AB * and |C by the tunnelling through the barrier. The rotating-wave approximation was applied as well and the occupation will be replaced by fermionic type: n . Instead of the linear dependence on wave vector in radiation fields, the dispersion relation in solvent or semiconductor lead can be approximated by a parabolic law, namely, ε k ≃ 2 k 2 2m * where m * is the effective mass. Therefore the decay rate reads
where D(ν) ∼ √ ν is the density of states, and the spectrum density is
, where ϕ(ν) is a smooth and dimensionless function, with the magnitude on the order of ∼ 1. Hence the remaining procedures are the same as the bosonic reservoir case above and we will skip the details to avoid redundancy. Finally the reduced QME for fermionic baths can be derived: ∂ t |ρ = M|ρ in Liouville space. Based on these preparations we are able to develop the quantum curl flux decomposition which will be shown in next section.
IV. CURL DECOMPOSITION AND NON-EQUILIBRIUM QUANTUM FLUX
After deriving the QME in detail in last section, we will, in this section, introduce the curl decomposition for quantum steady state which is crucial because it generates a novel quantum flux for quantifying the quantum transport and the flux directly reflects the detailed balance breaking and time-irreversibility. The similar decomposition for classical open chemical system at steady state was discussed before 37, 38 . By eliminating the offdiagonal components in density matrix from the reduced QME through Laplace transform we can map the reduced QME into population space, i.e., ∂ t |ρ = H|ρ where H is a matrix with integral kernel (shown in Appendix B) in Liouville space which is the extended Hilbert space and density matrix elements form a supervector. Consequently the quantum effects on transport is somewhat equivalent to the memory effect, which has nothing to do with the mechanisms of collision. This is absent in classical theory described by CME. In this study, we are interested in the quantum non-equilibrium steady state so that we evaluate the integrals by extending the upper limit to ∞ to obtain the reduced QME at steady state The reduced QME in Eq. (17) is of the same form as the CME within Markovian approximation, but with a different explanation: the quantum effect has already been contained and reflected through C-matrix by the exact evaluation of the integral kernel for memory in our QME, in contrast to previous work with the additional second Markovian approximation 42, 43 . In classical open systems the C-matrix vanishes.
A. Curl quantum flux determined by the non-equilibriumness and tunnelling
The analytical forms
Next we need to introduce the non-equilibrium quantum flux in order to investigate the quantum transport. First the transfer matrix has to be defined: T mn kl = A kl mn ρ mn with zero diagonal element. Then this T -matrix can be decomposed into the following form
The reduced QME in population space directly gives the expression J q = A nd term is circular that we call 'non-equilibrium quantum flux', which plays a crucial role in determining the transport properties of open quantum systems, such as entropy production (EPR), dissipation and efficiency. Moreover, the curl flux matrix in Eq. (18) is closed at steady state, by the application of Theorem 1 before. By solving the QME at steady state under the further approximation |∆| ≪ min(ε 1 , ε 2 ),
, we can obtain the expression for quantum flux in our model where
where the function v provides a measure for the effective voltage and detailed balance breaking induced from environments. The flux describes how much probability flows in a uni-direction from one site to another in unit time. The forms of u and v are given in Appendix B. Therefore, the function v quantifies the degree of non-equilibriumness away from the equilibrium. Then from the expressions of quantum flux in Eq. (19), we can see the quantum transport quantified by the non-equilibrium quantum flux is determined by two factors: non-equilibriumness quantified by the effective voltage away from equilibrium and the quantum tunnelling. When the effective voltage is zero, the system is at quantum equilibrium with no quantum flux or quantum transport. On the other hand, when the effective voltage increases, the quantum flux increases. The degree of nonequilibriumness drives the quantum transport. In this model, the quantum transport is realized by tunnelling from one site to another. When ∆ = 0, the flux is zero and there is no quantum transport. The quantum flux increases as the tunneling increases until the tunnelling becomes big and the quantum flux reaches a plateau. The quantum tunnelling promotes the quantum transport at moderate regime, in that there is no effective barrier any more. The further increasing tunnelling will not increase the quantum transport further at very large tunnelling strength. See next section for further detailed explanations in a different angle. Fig.9(a) Fig.3 shows the variations of quantum flux for bosonic and fermionic reservoirs with respect to voltage as well as tunneling strength. Qualitatively, it is known that the quantum tunneling gives rise to the socalled dark states which is the superposition of two excited states to make the transfer of energy or charge being enhanced, but such contribution will reach the saturation at large value of tunneling. On the other hand it is found that large bias leads to significant enhancement of flux, which indicates that far-from-equilibrium rather than near-to-equilibrium is crucial for the enhancement of quantum flux and the transport. Furthermore, compared to bosonic case, a sharp increase of flux occurs after a particular value of bias, which is about 0.8eV in our plot. This is because of the Fermi-Dirac distribution, where the density of excitations will be much suppressed as the energy becomes larger than fermi energy. Another distinction is that for bosonic baths the increase of flux becomes sharper as the system deviates from equilibrium while for fermionic baths the flux reaches saturation as the system deviates very far from equilibrium. This is due to the Pauli exclusion principle that for fermions the occupation for each frequency is no more than one. Based on QME and the approximation above, we can obtain the quantum coherence. Furthermore the connection of quantum flux to coherence reads J b(f ) q = 2∆ ×|Imρ 12 |. Notice that the environmental effect was included in the coherence. Right now we can conclude that coherence enhances the non-equilibrium flux through a linear law when fixing the tunneling strength, which reveals the important distinction of the properties of nonequilibrium quantum system from classical description. In order to see how environments and quantum coherence affect the flux as well as ETE (CRE), we can write the coherence in terms of the tunneling strength
Numerical Results
As we can see the coherence has a non-trivial nonmonotonic dependence on tunneling as shown in Fig.2(a) and moreover the quantum coherence is also promoted by voltage when fixing the tunneling. There is a peak of coherence at ∆ c =
′ is approaching the classical limit, which means the behavior of particles at this state is close to classical motion. Thus in fact |2 ′ becomes a quasi-classical state, which leads to the reduction of coherence for large tunneling. On the other hand, there is an upper limit for tunneling, roughly ∆ ∼ε, since the lowering of barrier gives rise to the shallowness of the first well, which as a result, leads to the vanishing of bound state if ∆ ≫ε.
We next explore the relationship between coherence and quantum flux. By eliminating ∆ in Eq. (19) and (20) it leads to the alternative expression of flux
where − and + correspond to 0 < ∆ < The behavior of flux with respect to coherence is plotted in Fig.2(b) .
As is shown, J first monotonically increases by the improvement of coherence, but then the reduction of the coherence gives rise to the enhancement of the flux. This is mainly because of the non-monotonic behavior of coherence as a function of quantum tunneling discussed above. In the second regime, the increasing tunneling still improves quantum transport but the quasi-classical limit reduces the coherence.
As shown in Eq. (21) and Fig.2(c) , we see the nonmonotonic behavior of the flux with respect to the nonequilibriumness characterized by the voltage at fixed coherence. Again, this non-trivial relationship of flux versus non-equilibriumness quantified by the effective voltage is from the non-trivial relationship between the tunneling and coherence discussed before. Physically Fig.2(c) can be explained as the consumption of the energy is used for keeping the coherence such that at small tunneling ∆ needs to reduce in order to balance out the improvement of coherence by voltage since ∆ enhances coherence. Hence equivalently much energy absorbed from environments is used to fix the coherence but less to improve flux. In contrast, at large tunneling ∆ needs to increase, in order to balance out the improvement of coherence by voltage, therefore much more energy is used to enhance the flux instead of keeping coherence.
We should note that tunneling and voltage are easier to control in the experiment. Therefore, our predictions of dependence of the quantum transport quantified by the flux and tunneling as well as voltage can be tested in the experiment. By the interference techniques developed from quantum optics, researchers have began to have the control of the coherence. Our predictions of nontrivial dependence of the tunneling and coherence at fixed voltage, the flux and effective voltage at fixed coherence, as well as flux and coherence at fixed voltage, should be tested in the upcoming experiments.
Before leaving this subsection, the non-equilibriumness of quantum systems with non-resonance (shown in Fig.2(d) ) will be discussed in detail in appendix B. As the flux decomposition has been carried out at the classical level, we will discuss the comparison of our quantum results to the classical limit in following section.
The Eq. (19)- (21) & discussion above and the comparison to classical description will be carried out in next section and Eq. (23) . These, together with (26) and (29) ics, construct the main achievements (concepts) and theoretical framework put forward in this paper.
V. COMPARISON WITH CLASSICAL DESCRIPTION
Here we will discuss the classical correspondence. The non-trivial classical limit in this model is that (a) Ω ≫ ω and (b) high temperature where (a) keeps the nonvanishing transition rate and also effectively suppress the height of the barrier to ensure one energy level being closed to the top of barrier, (b) is somewhat equivalent to → 0. Therefore the flux and coherence can be expanded in terms of ω/Ω and ε/k B T (γ ≡ Γ/ 2 , ∆ ≡ Ω)
The leading order term in flux is the classical correspondence where disappeared and it is also proportional to the voltage. Quantum effect is attributed to the higher order terms. On the other hand, we can also see that coherence effect comes in since the order of ω/Ω On the other hand, by the measurement of coherence the quantum flux shows a non-monotonic behavior as a function of coherence, according to Eq.(21). This is due to the up-hill and down-hill behaviors of coherence as explained in detail from Fig.2(a) and 2(b) before. From this point, it should be noted that in open quantum systems the coherence does not always enhance the flux and transport, but sometimes it can inhibit them, due to the mixture of classical behavior of motion.
Furthermore, as we know that classical flux monotonically increases as external voltage, shown in Eq. (22) . In quantum case, however, it can be clearly illustrated from Eq.(21) that external voltage leads to the decrease of the flux for small tunneling and increase of the flux for large tunneling, by fixing the value of coherence as shown in Fig.2(c) . The explanations of the behavior is given already in the previous subsection. In next section we will discuss the macroscopic quantum transport relevant to experiments.
VI. QUANTUM TRANSPORT AND NON-EQUILIBRIUM THERMODYNAMICS A. Transfer Efficiency
From the definition of our quantum flux we know that it provides a measurement on how much energy (chemical species) is transported from one site to another. Therefore the energy transfer efficiency ETE and chemical reaction efficiency (or charge transfer efficiency) CRE can be introduced in terms of flux, so that η = J q /(J q +A gg 22 ρ 22 ). After some mathematical steps we have
where the definition of two functions B and F are shown in Appendix C. As shown in Fig.10 in Appendix, there are two plateaus in CRE, in contrast to flux. The second one is easy to understand which is due to the Pauli exclusion principle as the same as in flux, the reason for the first plateau is that at the beginning there is an improvement of CRE due to the non-vanishing flux in the nonequilibrium regime. As voltage from environments is below the excitation energy gap ε 2 the excitations absorbed by the molecular system is suppressed until reaching the gap, then it leads to an abrupt increase to another higher plateau. This is because of the significant improvement of excitations, based on Fermi-Dirac statistics. In terms of the voltage (temperature difference for heat transport and chemical potential difference for chemical reactions) and quantum coherence, we can use Eq. (20) and (23) to eliminate the tunneling and then obtain the dependence of ETE and CRE (CTE) on voltage and coherence. In principle, the effect of coherence can be observed from the interference experiments, such as Hamburg-Brown-Twist setup 29 . Fig.5 (a) and 5(b) collect the behavior of the ETE as well as the CRE as functions of coherence at several fixed voltages. For energy transport process in molecules, we found that by fixing the voltage, the increase of the coherence leads to a significant improvement of ETE while in the large tunneling regime ETE is significantly promoted by the reduction of the coherence. For the chemical reaction process and the charge transport in molecules, the coherence plays a crucial role on enhancing the CRE or CTE, as shown in Fig.5(b) . In the large tunneling regime the influence of coherence is weak, since it approaches the quasi-classical regime. Furthermore, for both bosonic and fermionic reservoirs the voltage from external environments leads to further improvement of transfer efficiency, in addition to coherence.
In order to see how the quantum tunneling and environments affect the ETE and CRE through the bridge of coherence, the ETE and CRE as functions of ∆ as well as voltage, for both bosonic and fermionic baths, are plotted in Fig.4 . The tunneling strength and environments characterized by the effective non-equilibrium voltage are shown to have competition on improving the ETE(CRE) and they can compensate for each other. Namely, the environments can lead to further enhancement when the hopping leads to saturation, and vice versa. Obviously, the optimization of ETE(CRE) cannot be achieved if any of those two aspects contributes too weakly.
Moreover, we can also see that the transfer efficiency of quantum systems coupled to fermionic environments (CRE) is much better than that for being coupled to heat baths (ETE), since the optimization of CRE is almost a perfect value of 100% from Eq.(23) by µ 2 → ∞, while ETE's is only about 42% in our model. On the other hand, this indicates that there is little dissipationdecay present in the transport (decay back to ground state in molecule coupled to the bath with higher chemical potential) when the open quantum system is at farfrom-equilibrium, in the chemical reaction process. This kind of high efficiency of 70% was recently observed in the measurement of conductance of a ferrocene-based organometallic molecular wire 41 . In contrast, the heat dissipation is much larger in the quantum heat engine (QHE). This can be understood as follows: from the fermi distribution we know each mode of the reservoirs with higher chemical potential is fully occupied, thus Pauli exclusion principle causes the emission of one quasielectron from the molecule back to high-chemical potential reservoir to be forbidden, hence almost all of the excitations are transported to other states. But for bosonic baths, the dissipation is unavoidable since emission of particles is always allowed, without the restriction by Pauli principle.
Finally, as we can see from the discussion above, the large voltage is often necessary and reasonable for optimizing the transport properties, such as ETE and CRE. In particular, in the light-harvesting complex, the radiation bath from the Sun which serves as an energy source is at 5870K
60 . The cooler surrounding, which is originated from the vibrations of proteins in chlorophyll, is at around 200∼300K
61
. Consequently the temperature gradient becomes larger than 1000K.
B. Macroscopic Currents and Energy Dissipation
In the experiments, the observables provide direct measures of energy dissipation (heat current) and chemical current on the macroscopic level. Therefore we need to explore the connection of the quantum flux and voltage to these macroscopic quantities. First the total entropy production rate (EPR) is introducedṠ t = k B J q log where coherence effect has been already contained in matrix A. Within the near-resonant approximation above, EPR readṡ ) and b, f correspond to bosonic and fermionic reservoirs, respectively. In heat transport, the 1 st and 2 nd laws in thermodynamics givė
Here 1 or 2 refers to the site 1 or 2 with each coupled with different bosonic bath respectively. Q denotes the magnitude of energy flowing into reservoir. Notice the entropy production rateṠ of system vanishes at steady state so that we have the energy dissipation by using Eq. (24) and Eq.(25)Q
which givesQ b 1 = − 2εt Imρ 12 in the limit θ → − π 2 . This recovers the result in Ref. [39] so that our introduction of EPR for quantum steady state has its physical rational. In high temperature limit the asymptotic behaviors of EPR and energy dissipation are shown to be: 
which leads to the chemical current at steady state
(28) where i s = qI (2) m and the energy dissipation readṡ Notice that the mathematical forms and analysis for system coupled to fermionic reservoirs Eq. (19), (23), (27)- (29) can also be directly applied to charge transport in single molecules, i.e. electric current with I − V relationship, where i e = eI m , which will be addressed later on the correlation to the experiments. Eq.(24), (26) , (28) and (29) show that the non-equilibrium quantum flux serves as a driving force for the macroscopic energy dissipation and chemical (electric) current directly measured in experiments.The physical currents are generated and detailed balance condition is broken when the energy pump emerges (T 1 = T 2 or µ 1 = µ 2 ). This furthermore reveals the robustness of the connection between nonequilibriumness and quantum transport and provides a measurement on how non-equilibriumness controls the transport properties. Fig.6 collects the voltage dependence of transport coupled to both bosonic and fermionic environments. The heat current shows a monotonic increase with respect to temperature difference, which is reasonable due to the large energy pumping with increasing temperature and large dissipation at far-from-equilibrium. Due to the Pauli principle for fermions in recombination dissociation reactions in chemical process, there is an upper limit for the pumping work at steady state illustrated in Fig.6(c) . Thus the chemical current will drop at high voltage (shown by large µ 2 limit in Eq. (28) and Fig.6(d) ). This has been observed for electric current in the experiments on I − V curve of electron transfer in single molecules 40 . To see the coherence effect on the macroscopic EPR, heat current, chemical (electric) current and energy dissipation, we apply Eq. (19)- (21) to Eq. (24), (26), (28) (29) by eliminating the tunneling ∆, similar to the transfer efficiency studied in the previous subsection. These behaviors are shown in Fig.7 (a) and 7(b) by fixing voltages, for energy transport and chemical reaction (charge transport), respectively. Due to the fixed voltage, those macroscopic observables are different from each other up to just a scaled factor, so that we only display the EPR and chemical (electric) current here. As shown in Fig.7 (a) and 7(b), the non-monotonic behaviors of those macroscopic observables in terms of the coherence indicate that the coherence does not always promote the transport. In the large tunneling regime coherence inhibits the quantum transport. This is distinct from the behavior of these macroscopic observables with respect to tunneling which always enhances the quantum transport. The non-monotonic behaviors in Fig.7 are due to the non-monotonic dependence of the coherence with respect to the tunneling, as discussed in the flux section. Before leaving this section, we also calculate the dynamical decay rate of coherence, for both energy transport and chemical reaction processes. Both of them shows that the decay rates increase as the systems become far from equilibrium. However the behaviors with respect to tunneling uncover some novelty which is shown in detail in next section.
VII. DYNAMICAL DECAY RATE
In this section we calculate the decay rate of the dynamical coherence (in time) in addition to steady state coherence, by the diagonalization of matrix M. It is obvious that the eigenvalues ν of M is complex and the real part governs the decay. Here we study the eigenvalue with largest modulus.
In general, we observed that the decay of the dynamical coherence in time is faster when the effective voltage or chemical potential measuring the non-equilibriumness away from the equilibrium increases. This implies that the large non-equilibrium driving forces can help to de- stroy the dynamical quantum coherence as shown in Fig.8 (a) and 8(c). On the other hand, as the tunneling increases, the decay of the dynamical quantum coherence also increases. This implies that the large quantum tunneling can help to destroy the dynamical coherence as shown in Fig.8 (b) and 8(d), as the large tunneling reaches the classical limit. Fig.8(b) shows that a minimum of decay rate occurs when raising the temperature difference in the energy transport in single molecules. This is because of the improvement of interference effect by increasing voltage, which causes the decay of dynamical coherence to slow down at beginning of increasing tunneling. The decay is strengthened for large tunneling owing to the quasiclassical limit.
VIII. CONCLUSION
In this work, we systematically developed the concept and quantification of curl flux for non-equilibrium quantum processes at steady state. The curl quantum flux measures the degree of non-equilibriumness via detailed balance breaking and time-irreversibility. It also reflects the degree of quantum coherence. We further applied our theoretical framework to the quantum transport in energy (charge) transfer in single molecules and the chemical recombination dissociation reactions. More significantly, the quantum flux is also sensitively affected by coherence which could be observed by quantum interference experiments. The coherence leads to the nonmonotonic behavior of the flux, depending on the magnitude of quantum mechanical tunneling. Furthermore we investigated quantum transport and thermodynamics of the system in terms of our quantum flux. We found that the non-equilibrium quantum flux serves as an intrinsic driving force for the macroscopic observables such as currents in quantum transport. These are the main innovation and achievements in this paper, mathematically illustrated in Eq. (19)- (21) On the other hand, we also investigated the environmental effects governed by voltage, on quantum flux, namely, the non-equilibriumness and quantum transport. For energy transport in molecules, we show that the significant enhancement of quantum coherence and flux as well as quantum transport is achieved at large temperature difference of the two environmental baths. This indicated the far-from-equilibrium instead of conventional near-to-equilibrium condition is essential for the perfect energy transport and high quality of quantum heat engines. For chemical reactions and charge transport, in contrast, there is a saturation plateau for coherence and flux as well as quantum transport, although significant enhancement of them was already demonstrated earlier in this work. Therefore the peak and decrease of chemical (electric) current from our theoretical calculations was already observed in recent experiments on electron transfer in single molecules 40 . Our theoretical framework in the article can be applied and generalized to the energy transfer in photosynthetic reaction and the description of electron transport in molecules and chemical reactions, which we will pursue in the future work.
Under the resonance approximation, namely, ∆ ≪ min(ε 1 , ε 2 ), the occupation will be replaced by average value: n
) for bosons and
. Hence the expressions for matrix elements of M can be written out 
which together with solving Eq.(8) in the main article, lead to the difference between populations of the two excitations ρ 22 − ρ 11
then substituting into the expression of quantum flux J q = A , give the result for fermionic case in Eq. (10) . The comparison between analytical and numerical solutions on quantum flux is shown in Fig.9 (a) and 9(b) for bosonic and fermionic 
By substituting Eq.(B2) into QME we obtain the reduced QME in population space. Of course the dimension of the matrix is reduced from N 2 to N , the whole system however, becomes memorable, due to the integral over time in the expressions of the coherence components. Analysis on the flux of quantum systems with nonresonance-As shown in Fig.2 (d) in main article, there is also a sharp increase of flux at vicinity of energy gap ε 2 and then it arrives at saturation, similar to the resonance case. The most significant distinction, however, is the negativity of flux, which indicates that the flux can be reversed although the voltage is positive. This novel behavior is due to the non-resonance within a large gap between excitation energies. In particular, when the chemical potential difference matches the excitation gap ε 1 , the site 1 will be much more occupied than site 2 so that the flux is reversed. But in the resonance case, this phenomenon (# of excitation on site 1≪ # of excitation on site 2) cannot occur since the two excitation energies are very close to each other, compared to non-resonance case.
The forms of functions
Discussion on temperature effect on flux for the system coupled to chemical reservoirs- Fig.2(a) shows the temperature effect on the behaviors of quantum flux, as a function of chemical potential difference, for chemical reactions. The curve is step-like function for low temperature while it becomes smooth as the temperature increases, because of the increase of thermal excitations in the vicinity of fermi energy. This character, on the other hand, demonstrates the sharp increase of flux after a critical value of chemical potential µ 2 . 
